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subcategory of objects X ∈ T such that there is a distinguished
triangle X1 → X → X2 → X1[1] with Xi ∈ Ii .
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Definition
Let X be an object in T . The generation time of X , denoted
U(X ), is

U(X ) := min {n ∈ N |T = 〈X 〉n+1}.

X is called a strong generator if U(X ) is finite.

Definition
The dimension spectrum of a triangulated category T is the
union of all possible generation times over all strong generators.

Definition
The dimension of a triangulated category T is the minimal
generation time among the strong generators i.e. the smallest
number in the spectrum.
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Conjecture (Orlov)

Let X be a smooth variety. Then dim Db
coh(X ) = dim(X ).

Theorem (Rouquier)
The above conjecture holds for ;

1 smooth affine varieties,
2 projective spaces,
3 and smooth quadrics.

Theorem (Orlov)
The above conjecture holds for smooth curves. More generally,
if C is a smooth curve, then the spectrum of Db(C) contains
{1,2} with equality if and only if C = P1.
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Theorem
Suppose X is a smooth variety and T is a tilting object in
Db

coh(X ). Let i0 be the largest i for which HomX (T ,T ⊗ ω∨X [i]) is
nonzero. The global dimension of EndX (T ) is bounded above
by dim(X ) + i0. Equality holds when X is proper over a perfect
field.

Corollary
Suppose X is a smooth variety and T is a tilting object of
Db

coh(X ). If HomX (T ,T ⊗ ω∨X [i]) = 0 for all i > 0. Then
dim Db

coh(X ) = dim(X ).
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Conjecture (Orlov)

Let X be a smooth variety. Then dim Db
coh(X ) = dim(X ).

Applying work of Auroux, Beilinson, Borisov, Hille, Hua, Kapra-
nov, Katzarkov, Kuleshov, Kuznetsov, Orlov, Perling, and Van
den Bergh, one obtains:

Theorem
The conjecture holds for:

del Pezzo surfaces;
Fano threefolds of types V5 and V22;
toric surfaces with nef anti-canonical divisor;
toric Fano Deligne-Mumford stacks of dimension no more
than two or Picard number no more than two;
and Hirzebruch surfaces.
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such that the composition fn−1 ◦ · · · ◦ f1 is nonzero and
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Example
Let X be a smooth affine variety of dimension n and x be a
closed point. Let ψ1, · · ·ψn be a basis for Ext1(k(x), k(x)).

k(x)
ψ1−−−−→ k(x)[1]

ψ2[1]−−−−→ · · · ψn[n−1]−−−−−→ k(x)[n]

Therefore, k(x) /∈ 〈OX 〉n+1.
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In geometric situations, the converse to the ghost lemma is also
often true.

Ghost Lemma’s Converse
Suppose X1 /∈ 〈G〉n then there exists a sequence of morphisms

X1
f1−−−−→ X2

f2−−−−→ · · ·
fn−2−−−−→ Xn−1

fn−1−−−−→ Xn,

such that the composition fn−1 ◦ · · · ◦ f1 is nonzero and
HomT (G[j], •)(fi) = 0 for all i , j .

Corollary
The generation time of a strong generator is precisely the
maximal length of a sequence of “ghost” maps.
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Definition
An object E in a k-linear triangulated category with finite
dimensional morphism spaces is exceptional if it has no graded
endomorphisms besides scalar multiples of the identity in
degree zero. A collection of objects A = 〈A1, ...,An〉 is called an
exceptional collection if each object is exceptional and there
are no graded morphisms from Ai to Aj for i > j . An exceptional
collection in T is called full if GA := A1 ⊕ ...⊕ An generates T .
An exceptional collection is called strong if all morphism from Ai
to Aj are in degree zero.
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Theorem
A = 〈A1, ...,An〉 be a full exceptional collection for a k-linear
triangulated category. Consider the graded algebra
R = REnd(GA). Then the generation time of GB is bounded
below by one less than the order the nilradical of REnd(GA).
Furthermore, if REnd(GA) is formal, then this is the equality.



Generation Time for Exceptional Collections

Theorem
A = 〈A1, ...,An〉 be a full exceptional collection for a k-linear
triangulated category. Consider the graded algebra
R = REnd(GA). Then the generation time of GB is bounded
below by one less than the order the nilradical of REnd(GA).
Furthermore, if REnd(GA) is formal, then this is the equality.

Example + ε

On an algebraic variety, take a sequence of iterated blow-ups,
where one continues to blow up along the newly introduced
exceptional divisor. One can obtain arbitrarily high generation
times depending on how many blow ups one takes.
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Corollary
Suppose A is a full strong exceptional collection in a
triangulated category T . Let r be the projective dimension of
End(GA) and s be the the Lowey length (longest sequence of
arrows in the corresponding quiver). Then the integer interval
{r , . . . , s} or {s, . . . , r} is contained in the dimension spectrum
of T .
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Putting everything together we get the following:

Corollary
Suppose A is a full strong exceptional collection in a
triangulated category T . Let r be the projective dimension of
End(GA) and s be the the Lowey length (longest sequence of
arrows in the corresponding quiver). Then the integer interval
{r , . . . , s} or {s, . . . , r} is contained in the dimension spectrum
of T .

Example + ε

Let Q be a quiver such that the underlying graph is a Dynkin
diagram of type An. The dimension spectrum of Db

f.g.(kQ) is
equal to the integer interval {0, ...,n − 1}. This can also be
interpreted as the derived Fukaya category of an An singularity.
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Definition
A semiorthogonal decomposition of a triangulated category, T ,
is a sequence of admissable triangulated subcategories
A1, ...,An such that there are no morphisms from any object in
Ai to any object in Aj for i > j and T is generated by these
subcategories.

Notice that a full exceptional collection is a semiorthogonal
decomposition where all the components consist of one object
up to sums and shift. In particular all the components have
spectrum {0}.
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all the Gi generate as quickly as possible, then the maximal
gap is the maximal dimension achieved by one of the Ai .
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Semiorthogonal Decompositions

This observation suggests that the spectrum may provide
insight to the birational type of a given variety. For example, the
gaps in the spectrum of a rational 3-fold should be at most 1.
Moreover we have the following:

Example
Let X be a cubic 3-fold. Then we have a semiorthgonal
decomposition 〈AX ,O,O(1)〉. One can show that the
dimension of AX is at least 2.

The classical proof that X is not rational is by means of the
Griffiths-Clemens component of X . The category AX in this
case is the analogue of that component.
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is O ⊕ Op, that this particular generator has generation time 4,
and that there also exists generators of generation time 1,2, and
3. For us, the interesting part is the ghost sequence which gives
a lower bound of 4 on the generation time of O ⊕Op.



The Dimension Spectrum of an Elliptic Curve
As mentioned previously, the set {1,2} is a proper subset of the
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is O ⊕ Op, that this particular generator has generation time 4,
and that there also exists generators of generation time 1,2, and
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a lower bound of 4 on the generation time of O ⊕Op.

Take p to be the identity and let q be a point of order two. We
have the following ghost-sequence:

Oq → O(−q)[1]→ O(p − q)[1]→ O(2p − q)[1]→ Oq[1].
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Take p to be the identity and let q be a point of order two. We
have the following ghost-sequence:

Oq → O(−q)[1]→ O(p − q)[1]→ O(2p − q)[1]→ Oq[1].

Notice that O and Op form an A2 configuration of spherical ob-
jects. Let TA be the spherical twist by O and TB be the spherical
twist by Op. This ghost sequence can then be interpreted as:

Oq → TA(Oq)→ TBTA(Oq)→ TBTBTA(Oq)→ TATBTBTA(Oq).

Also notice that Oq is orthogonal to Op and that the third term
O(p − q) is orthogonal to O. As it turns out, the above is a gen-
eral phenomenon involving braid group actions and generalizes
nicely to derived Fukaya Categories of curves.



The Dimension Spectrum of the Derived Fukaya
Category of a Curve

On a curve, C, of genus g there is an A2g configuration of
spherical objects which generates the derived Fukaya category,
these curves can be chosen to be anti-invariant with respect to
the hyperelliptic involution. Denote the objects by S1, ...,S2g
and the corresponding spherical twists by s1, ..., sn. In analogy
with the elliptic curve, consider a loop X which is orthogonal to
S2, ...,S2g and invariant under the hyperelliptic involution.
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On a curve, C, of genus g there is an A2g configuration of
spherical objects which generates the derived Fukaya category,
these curves can be chosen to be anti-invariant with respect to
the hyperelliptic involution. Denote the objects by S1, ...,S2g
and the corresponding spherical twists by s1, ..., sn. In analogy
with the elliptic curve, consider a loop X which is orthogonal to
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Then the following sequence is a ghost sequence for
G = S1 ⊕ ...⊕ S2g :

X → s1(X )→ ...→ s2g ...s1(X )→ ...→ s1...s2gs2g ...s1(X ).
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Then the following sequence is a ghost sequence for
G = S1 ⊕ ...⊕ S2g :

X → s1(X )→ ...→ s2g ...s1(X )→ ...→ s1...s2gs2g ...s1(X ).

In general, one can prove:

Theorem
Let G be the generator described above on a curve of genus g.
Then 4g ≤ U(G) ≤ 4g + 2.
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Then the following sequence is a ghost sequence for
G = S1 ⊕ ...⊕ S2g :

X → s1(X )→ ...→ s2g ...s1(X )→ ...→ s1...s2gs2g ...s1(X ).

In general, one can prove:

Theorem
Let G be the generator described above on a curve of genus g.
Then 4g ≤ U(G) ≤ 4g + 2.

The upper bound comes from the following relation, express-
ing a deformation of the Serre functor as a product of spherical
twists:

(s1...s2g)2g+1 = τ [1]



The Dimension Spectrum of the Derived Fukaya
Category of a Curve

Example

Consider an iterated blow up of P2 at a point n-times where one
continues to blow up the newly formed exceptional divisor.
Using exceptional objects, one can form a generator with
generation time n + 2. However, there also exists an An−1
configuration of spherical objects. This configuration takes at
least 2n − 3 steps and in all likely hood one can get a 4 + 2n
step generator in essentially this way. Combining generators
which use spherical and exceptional objects, should thus
provide a way of filling in the higher end of the spectrum, say
from n + 2 to 4 + 2n.


